ABSTRACT This paper presents a placement algorithm for fault location observability using phasor measurement units (PMUs) in the presence or absence of zero injection buses. The problem is formulated as a binary semidefinite programming (BSDP) model with binary decision variables, minimizing a linear objective function subject to linear matrix inequality (LMI) observability constraints. The model is extended to take into account the unavailability or limited capacity of communication links at some PMU installation buses. The BSDP problem is solved using an outer approximation scheme based on binary integer linear programming. The method is illustrated with a 6-bus test system. Numerical simulations are conducted on the IEEE 14-, 30-, and 57-bus standard test systems to verify the effectiveness of the proposed method.
I. INTRODUCTION
Nowadays, electric power industry is undergoing multiple changes due to the process of deregulation, facing many challenges, such as balancing capacity, reliability, economics, and environmental issues. These challenges become more obvious when the power system operates under heavily stressed conditions. Under these conditions, it is necessary to invest in new technologies in order to improve grid reliability, performance, and security and to meet today's consumer expectations.
With the advent of the global positioning satellite (GPS) system, significant progress has been made in the adoption of synchrophasor technology providing key benefits like widearea visualization, oscillation detection, generator model and parameter validation, island detection, voltage instability monitoring, identification of potential malfunction of devices in the grid and event analysis. Phasor measurement unit is the most comprehensive time-synchronized device used to take full advantage of this technology. A PMU provides high accuracy measurements of the voltage phasor at the installation bus as well as the current phasors of some or all the branches incident to that bus.
Several methods have been proposed in the literature focusing on the problem of optimal placement of PMUs (OPP), well distributed around the network to ensure its observability [1] . The pioneering work in [2] presents a dual search algorithm based on a modified bisecting search and a simulated-annealing-based method. In [3] and [4] , the problem is formulated as an integer linear programming (ILP) problem subject to pre-existing conventional measurements, while a similar multistage ILP framework is described in [5] . Some other techniques for solving the above described problem, in the presence or absence of conventional measurements, are integer quadratic programming (QP) [6] , weighted least squares (WLS) [7] , recursive Tabu Search (TS) [8] , and BSDP [9] . A variety of PMU allocation methods addressing reliability against loss of PMUs and branch outages [10] , [11] , PMU channel limits [12] - [14] , hierarchical structure of the communication system [15] , measurement uncertainty [16] , incomplete observability [17] , [18] , voltage security assessment [19] , sensitivity [20] , and controlled islanding [21] , have also been reported. The main characteristic of the aforementioned methods is that all ensure the system observability during normal operating conditions. However, transmission and distribution lines suffer from electrical faults that are caused by storms, lightning, snow, freezing rain, insulation breakdown, and short circuits caused by birds and other external objects [22] . In order to repair and return the line to service, the location of the fault must be either known or must be estimated with reasonable accuracy. A novel two-end fault-location algorithm which is independent of line parameters and can be applied both for transposed and untransposed transmission lines, using unsynchronized prefault and postfault measurements, is proposed in [23] . A settings-free fault-location estimator for double-circuit transmission lines, using two-end unsynchronized current measurements during the fault, is presented in [24] . In [25] , the fault-location procedure for power transmission grids is based on wide-area synchronized voltage measurements, provided by sparsely distributed recording devices which utilize global positioning system (GPS) receivers. A novel PMUbased robust state estimation method for real-time monitoring of power systems under different operation conditions is proposed in [26] .
However, only a few works concern with the fault location observability [27] - [32] . The fault location observability is defined as the case in which the digital monitoring devices, such as PMUs, should be optimally installed around the network in order to exactly determine the fault location. An effective strategy for rendering the transmission grid fault observable by optimal deployment of sensors that record GPS-synchronized voltage measurements is suggested in [27] . A two-step scheme which combines a fault-location algorithm and a fault-side selector is presented in [28] . A similar branch and bound method is described in [29] . ILP based technique [30] makes a network fault observable by PMUs, considering also the existence of zero injections. In [31] , a novel approach is proposed for fault diagnosis, using the flow fingerprint identification technology and PMUs. The problem of joint optimal placement of synchronized measurements and conventional power flow measurements under faulted conditions is discussed in [32] . This paper presents a fault location observability approach using PMUs. The problem is formulated as BSDP model minimizing a linear objective function subject to LMI observability constraints. The formulation is extended to address the unavailability of some system buses as PMU locations due to the absence of communication infrastructure. The main contributions of the proposed method are:
• It develops a systematic procedure to obtain optimum PMU locations considering any type and location of zero injections.
• It can employ either AC or DC state estimation models.
• It takes into account communication constraints in PMU installation buses.
• It finds the optimal solution in reasonable execution time using a robust mixed integer SDP optimization tool. The remaining paper is organized as follows. Section II provides the measurement model and the observability constraints. Section III presents the mathematical background of the SDP problem. Section IV formulates the fault location observability problem as binary SDP model. Section V illustrates the proposed method using a 6-bus system. Section VI presents and discusses numerical experiments conducted on the IEEE 14-, 30-, and 57-bus standard test systems, and Section VII concludes the paper.
II. MEASUREMENT MODEL FORMULATION
Consider a system with n buses which is monitored by m p phasor measurements. The measurement model for the power system state estimation is described by an overdetermined system of linear equations relating measurements and unknowns (states) as follows:
where z is the 2m × 1 measurement vector, consisting of m z zero injections and m p phasor measurements (m = m p + m z ), x is the 2n × 1 true state vector consisting of bus phase angles and voltage magnitudes with respect to the reference dictated by the global positioning system (GPS), H is the 2m×2n constant measurement Jacobian matrix relating measurements to states, and e is the (2m × 1) vector of measurement errors, which are assumed to be Gaussian random variables with E(e) = 0 and E(ee
is the variance of the ith measurement error. Assuming the π -model of a branch connecting two buses i and j, as shown in Fig. 1 , the voltage phasor of bus i can be described in polar and rectangular coordinates asṼ i = V i δ i andṼ i = E i + jF i = V i cos δ i + jV i sin δ i , respectively, while the current phasor in branch i − j is expressed asĨ ij = I ij θ ij andĨ ij = I ij,r + jI ij,r = I ij cos θ ij + jI ij sin θ ij , respectively. The series admittance between buses i and j is defined as y ij = g ij + jb ij , the shunt admittance between bus i and the ground 5188 VOLUME 4, 2016 is denoted as y sij = g sij + jb sij , and A i is the set of buses adjacent to bus i.
The zero injection and phasor measurements at bus i can be written in terms of voltage rectangular coordinates as [33] :
• real / imaginary part of the zero current injection at bus i:
• real / imaginary part of voltage phasor measured by a PMU installed at bus i [34] :
• real / imaginary part of current phasor from bus i to bus j measured by a PMU installed at bus i [34] :
The WLS state estimate minimizes the following objective function of square errors:
The first order optimality condition for J (x):
provides the optimal state estimation solution as follows:
wherex is the estimated state vector and G = H T R −1 H is the 2n × 2n gain matrix. Zero injections are considered as perfect measurements with very small standard deviations. The elements of the Jacobian matrix for zero injection and phasor measurements can be found in [33] . When the Jacobian matrix H has full rank the power system is said to be numerically observable and (10) are uniquely solved for a state estimate. If a spanning tree of full rank in the measurement graph can be constructed, the power system is said to be topologically observable [35] . It is to be noticed that when the linearized DC measurement model is used, with E i = 1.0p.u., F i = 0.0p.u. for all buses and g sij = b sij = g ij = 0p.u., b ij = −1p.u. for all branches, the problems of numerical and topological observability become equivalent [35] .
III. SEMIDEFINITE PROGRAMMING BACKGROUND
Semidefinite programming is one of the recent main developments in mathematical programming and has become a powerful computational tool for engineering applications, due to its ability to solve very large, practical engineering problems, in a reliable and efficient manner. It can be considered an extension of linear programming that includes a wide variety of interesting nonlinear convex optimization problems [36] , [37] .
A semidefinite program is a convex conic optimization problem [37] which amounts to minimizing a linear objective function of a decision variable vector y = (y 1 , · · · , y n ) T ∈ R n , subject to matrix inequality and linear equality constraints, formulated as follows:
where c ∈ R n , A ∈ R k×n , b ∈ R k and
where M 0 , M 1 , . . . , M n ∈ R n×n are given symmetric matrices. The inequality (12) is called linear matrix inequality, abbreviated as LMI [36] . The notation M (y) 0 (M (y) 0) means that M (y) is positive semidefinite (positive definite), implying that all its eigenvalues and principal minors are nonnegative (positive).
If the decision variables are binary, that is y i ∈ {0, 1}, the optimization problem (11) becomes a nonconvex binary SDP (BSDP) model, which is solved using an outer approximation scheme [38] based on binary integer linear programming (BILP).
IV. BSDP FORMULATION FOR FAULT LOCATION OBSERVABILITY USING PMUs
A transmission line i−j is said to be observable during a fault if and only if the voltage phasors at both ends of the line,Ṽ i andṼ j , and the current phasor at any one end of the line,Ĩ if orĨ jf , are determinable [32] . In such a case, the location of the fault can be accurately deduced. It is to be noted that the line configuration under faulted condition changes, since a bus is added at the fault point, as shown in Fig. 2 . The short (lumped) transmission line model is used to develop the fault-location observability algorithm. Assume that the per-phase series impedance of the unfaulted line i − j is Z ij = R ij + jX ij , where R ij , X ij is its series resistance and reactance, respectively. A three-phase fault occurring at a point f , divides the line into two segments, i − f of relative length D ij (p.u.) and j − f of relative length (1 − D ij ) (p.u.) . From Fig. 2 using KVL the following relations are obtained:
where
is the voltage phasor per phase at the sending and receiving line end, respectively. Assuming that R f is the fault-path resistance at the fault point f andĨ f ,Ṽ f denote the total fault current and voltage at the fault point, respectively, yields:
From (13)- (16) we derive:
If voltage phasorsṼ i ,Ṽ j , andṼ f are determinable (observable) during this fault, then by knowing eitherĨ if orĨ jf , the fault distance D ij can be determined using (13) or (14), respectively. Moreover, the fault resistance R f can be computed by (17) . Henceforth, the fault observability problem is transformed to the standard bus observability formulation, by introducing the fault point location in the formulation for a single fault in line i − j.
Without loss of generality, the DC (linear) approximation can be used for the purpose of placing the measurement units, by setting
In order to ensure fault observability for the entire network, a series of augmented grids are formed, each corresponding to a different line at a time with a fault bus at its mid-point.
The objective of the fault observability using PMUs is to make the entire system observable under faulted conditions [32] , by finding the required minimum number and bus locations of the PMUs. Thus, it is imperative that each augmented network is observable. All buses are eligible for PMU placement apart from the fault point.
Let a network consist of n buses and l lines. We define the binary decision variable vector y = (y 1 , · · · , y n ) T , whose entries are defined as:
For each augmented network, S N , associated with a fault at line L N , N = 1, . . . , l, the measurement Jacobian matrices are formed taking into account the existence of the fault bus. As a result, each Jacobian matrix H S N (y) corresponding to the decision variables y i , i = 1, . . . , n and the augmented network S N , is written as:
PMU n (19) where H 0,S N ∈ R 2m 0 ×2(n+1) is the augmented Jacobian matrix associated with the m 0 existing zero injections (ZIs) and H i,S N ∈ R 2m i ×2(n+1) is the augmented Jacobian matrix associated with the m i phasor measurements provided by a PMU installed at bus i. All Jacobians are evaluated at x = x 0 , where x 0 is an initial guess for x, which is usually assumed to be the flat voltage profile.
The corresponding gain matrix will be:
Considering that y 2 i = y i for y i ∈ {0, 1} we have:
H i,S N are the gain matrices for the zero injections and the candidate PMU measurements, respectively.
The proposed fault location observability formulation using PMUs is as follows:
where 1 is the vector with all entries one. However, a pragmatic approach to the placement problem must consider constraints posed by limited communication infrastructure, that is, the constraint of not placing PMUs on buses without communication [17] . In order to examine the impact of communication unavailability on the optimal placement solution, we introduce in (22) the equality constraint y i = 0, ∀i ∈ P (non-placement of PMU on bus i), where P is the set of buses with lack of communication facilities. Thus, the communication-constrained PMU placement problem is stated by reformulating (22) as follows:
Prohibiting PMU allocation at specific buses due to lack of communication may yield more PMUs at other buses.
Formulations (22) and (23), render a fault observable network in the presence of a single event. Fault observability under multiple events (simultaneous faults at different lines) requires extension of the aforementioned formulation. We can expand this formulation in case that there is a second fault while the first one is inchoate. It is to be noted that bus faults are trivial cases in the framework of fault observability. Therefore, there is no explicit reference to such events.
V. ILLUSTRATIVE EXAMPLE
The 6-bus system taken from [30] is used to describe the proposed SDP procedure. Fig. 3 shows the schematic diagram of the system, where bus 3 is assumed to be a zero injection bus. The fault location observability problem can be formulated as an equivalent network observability problem under normal operation, in the presence of a fault point which is located in the mid-point of lines L N , N = 1, 2, . . . , 8 of the grid. To ensure observability, the network is represented by eight augmented grids, S N , N = 1, 2, . . . , 8, where an extra bus corresponding to the fault point is placed consecutively at any line L N . For the sake of simplicity, we consider the dc measurement model. The augmented grid S 2 related with a fault at line 2, Fig. 4 , is used to illustrate the corresponding augmented Jacobian and gain matrices. Bus 7 is the fault point added at the faulted mid-point of line 2 of the initial network of Fig. 3 . The DC Jacobian matrix H 0,S 2 associated with zero injection bus 3 is:
The DC Jacobian matrices H i,S 2 , i = 1, 2, . . . , 6 associated with the candidate PMUs are: The BSDP model for the fault location observability using PMUs is formulated according to (22) as follows:
The optimal solution yields three PMUs installed at buses 1, 2, and 5, and the execution time is equal to 0.13s.
VI. SIMULATION RESULTS
The proposed algorithm for fault location observability using PMUs is tested on the IEEE 14-, 30-, and 57-bus test systems [39] , using a MATLAB [40] based code running on a 3.4 GHz Intel(R) Core(TM) i7-2600 processor with 16 GB of RAM. The binary SDP problem (22) is solved using the optimization modelling tool YALMIP [41] , together with the non-commercial BILP solver SCIP [42] . All the network data are obtained from MATPOWER [43] , a MATLAB power system simulation package. Without any loss of generality, we consider the DC power flow model for state estimation.
A. WITHOUT COMMUNICATION CONSTRAINTS
Two different cases are examined. In Case 1 no zero injections are considered, whereas in Case 2 zero injections are taken into account. Table 1 presents the measurement configuration for each case. The minimum number of PMUs, their locations, and the corresponding CPU time, for all cases, are shown in Table 2 . As can be seen, the required execution times are considerably low. of PMUs needed to guarantee fault observability for the different IEEE standard systems, as well as the corresponding CPU time per case. Preventing PMU allocation at specific buses, due to communication limitations, yields more PMUs at the remaining buses. Table 5 compares the results of the proposed SDP fault observability method as presented in Section VI-A with the classical OPP method, under unfaulted conditions, that is also formulated as a SDP problem [9] , for the IEEE 14-and 57-bus test systems. As can be seen, the proposed fault observability method provides larger or equal number of installed PMUs, for all cases. This is justified due to the fact that the classical OPP formulation does not guarantee a network which retains its observability under faulted conditions. 
VII. CONCLUSIONS
This paper presents a new binary SDP based method for fault location observability in power systems using PMUs. The proposed approach can take into account possible absence of communication infrastructure at some buses or its limited capacity as communication constraints. The BSDP algorithm is easily implemented within the MATLAB toolbox YALMIP based on the optimization tool SCIP, by considering either the AC or the DC measurement model and the effect of zero injection buses. Numerical results on the standard IEEE 14-, 30-, and 57-bus benchmark systems demonstrated the effectiveness and reliability of the proposed approach.
